Introduction
For each integers k ≥ 0 and N ≥ 1, let M k (N ) be the space of all modular forms of weight k with respect to the congruence subgroup be the graded ring of modular forms for Γ 0 (N ). When N = 1, it is well-known that, as a C-algebra, M(1) is generated by Eisenstein series E 4 and E 6 of weight 4 and 6, and these two forms are algebraically independent:
For each N , we note that, M(N ) is generated by finitely many modular forms (cf [1] ), however, it is not necessarily isomorphic to the polynomial ring. For instance, when N = 3, we prove M(3) ≃ C[C 3 , α 3 , β 3 ]/(α 2 3 − C 3 β 3 ) for some C 3 ∈ M 2 (3), α 3 ∈ M 4 (3) and β 3 ∈ M 6 (3) (cf. Theorem 2). The aim of this paper is to give the ring structure of M(N ) explicitly for N = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25.
The method we use is summarized as follows: First, for each N , we take some suitable forms f 1 , · · · , f h from M(N ). Then, for each k, we see that a basis
is obtained by f i 's (cf. §3), thus, the natural homomorphism from the polynomial ring C[f 1 , · · · , f h ] to M(N ) is surjective. Second, in §4 and 5, we show some relations between f i 's, i.e., give some elements of the kernel of the above-mentioned homomorphism. Third, using the result in §6, we calculate the Hilbert functions, that is, generating series of the dimensions, and we obtain the isomorhism in §7. In this context, we may regard M(N ) as a subring of C [[q] ], where q = e 2πiz (z ∈ C, Imz > 0), via the Fourier expansion. Our basis {b 1 , · · · , b d } satisfy that b j ∈ q j−1 + C[[q]]q j for each j (cf. §3), hence we see
which is similar to a result of Sturm [4] . This property will be used for the proof of relations between modular forms. It should be emphasized that, when N ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25}, M(N ) is generated by some Eisenstein series of weight 2 or 4 or 6, and f i 's are 
Eisenstein series
For each even integer k > 0, let B k be the k-th Bernoulli number, σ k (n) = σ k−1 (n)q n the Eisenstein series of weight k. It is well-known that if k ≥ 4, E k ∈ M k (1). In particular, the following three forms will play important roles in the sequel:
For each h ∈ N, we note that M(N ) ⊂ M(N h). For each f ∈ M k (N ), we define f (h) ∈ M k (N h) to be 
For a primitive Dirichlet character χ mod N , put σ χ (n) = d|n χ(d)d and
[2, §4.5 and 4.6]). For N = 3, 4, 5 we denote by ρ N the non-trivial real character mod N . Moreover let χ 5 be the Dirichlet character mod 5 such that χ 5 (2) = √ −1, and
Then, since (χ 5 ) 2 = ρ 5 and (χ 5 ) 3 = χ 5 , we see
For each k and N , we would take a basis
First, we write down the following dimension formulas for even k ≥ 0:
where [ ] denotes the Gauss symbol and
3.1. The case N=4,6,8,9,12,16,18. In these cases, we have seen that
Then we have
Indeed, for a given N , such tuple can be taken as follows:
, where
3 , α 6 , β 6 ), where
4 ), where
9 , α 6 , β 6 , α (3) 6 , β (2) 9 , ǫ 18 , β , where
6 .
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3.2. The case N=2,5,10,25. In these cases, we have seen that
Indeed, such tuple can be taken as follows:
2 , ζ 10 ), where
5 ), where
3.3. The case N=3,7. In these cases, we have seen that
Indeed, such tuple can be taken as follows: When N = 3, (f 0 ; g 1 ; h 1 ) = (C 3 ; α 3 ; β 3 ), where
When N = 7, (f 0 ; g 1 , g 2 ; h 1 , h 2 ) = (C 7 ; α 7 , β 7 ; γ 7 , δ 7 ), where
4 ),
6 − E 6 ) − 15C 7 α 7 + 120C 7 β 7 .
Relations between modular forms for N dividing 12
We define
In this section, we give some relations between modular forms, in particular, show that all forms defined above are 0. For N = 1, we have seen that for each k ≥ 8, E k can be represented by E 4 and E 6 . For example, we get E 8 , E 
in a similar fashion, we also give algebraic proofs of them. We see
3 + 8α 6 + 20β 6 + 16γ 12 − 16β (2) 6 , C 6 = 5C (2) 3 + 24α 6 + 36β 6 , C 12 = 11C (2) 3 + 24α 6 − 36β 6 − 144γ 12 − 144β (2) 6 ,
We also see
3 γ 12 + α 6 (β 6 + 4β 3 γ 12 + α 6 (β 6 + 4β (2) 6 ) + 2α 6 γ 12 O 12e .
We note that C[[q]] is a integral domain, and hence 0 =
In M(4) we get
In addition, considering in M(12), we get a relation in M(6):
+2112α 2 6 + 7104α 6 β 6 + 1536α 6 γ 12 − 1536α 6 β (2) 6 + 5136β 
We note E
4.3. The case N=3. We see
, and
Finally, since β 6 = α 3 , we have
3 ,
Relations between modular forms for N not-dividing 12
Put 
. We see
4 · α 
4 − (α 4 + 4α
4 +4α γ16 O 16d = 0.
5.3. The case N=9. We get
4 = C 2 3 − 24C 9 α 9 and thus α 3 = C 9 α 9 . In C[C 3 , C 9 , α 9 , E 6 ], we get 
3 )/C 9 = C 3 3 + 216C 3 C 2 9 − 540C 3 C 9 α 9 − 216C Hence, we see 
First have
= 16(−u 18 β 6 + 12u 18 γ 18 + 9u 18 β
6 + α 2 18 − 18α 18 β 6 − 3β 2 6 − 18β 6 γ 18 + 27β 6 β
6 − 9γ 
5.5. The case N=5,10. First, in M(5) we get 
δ25 O 25H = 0. Moreover we get 
Decomposition of polynomial rings
Suppose that R is a ring. If O ∈ R + RY + Y 2 , then by induction on m, we get
By virtue of this, for example, we see C[C
3 , α 6 ,
For example, we see
3 , α 6 , β 6 , γ 12 , β
6 ] and
6 ], C[α 6 , β 6 , γ 12 , β
6 ], and
Similarly, we see
6.2. The case N=18. Put R 18 = C[u 18 , α 18 , β 6 , γ 18 , δ 18 , ǫ 18 , β (3) 6 ] and
6 ], C[γ 18 , δ 18 , ǫ 18 , β
6 ], and 
5 ] and
and
Moreover, we see
5 ]ι 25 ,
5 ], and 6.5. The case N=7. Put R 7 = C[C 7 , α 7 , β 7 , γ 7 , δ 7 ] and
We see
Main results
For reader's convenience, we review basic facts on graded rings. We say a ring R is graded if R is decomposed into a direct sum of additive groups
In this paper, we only deal with the case R 0 = C. For example, C is graded as C k = {0} for k > 0, and so is M(N ) as M(N ) k = M k (N ). Moreover, for a graded ring R and n 1 , · · · , n r > 0, we
[n1,··· ,nm] to be a ring R[X 1 , · · · , X m ] which is graded as X i ∈ S ni . For given graded rings R and S, a ring homomorphism f : R → S is said to be graded if f (R k ) ⊂ S k for k ≥ 0. In the sequel, every homomorphism is meant to be graded.
For a graded ring R with dim R k < ∞ for all k, let
be the Hilbert function of R. We see H(C) = 1 and
Then the first main theorem is stated as follows:
Proof. In §3.1 we have shown that the natural homomorphism
is surjective. By comparing dimensions on both sides, we easily see that the homomorphism is bijective. Thus we obtain
For N = 2 and 4, the assertions can be shown in a similar way.
Suppose that R is a graded ring. If I is an ideal of R and R = I ⊕ S as Cvector spaces, then for each k, we see R k = (I ∩ R k ) ⊕ (S ∩ R k ). Moreover, if I is homogeneous, then R/I is naturally graded and we see 
We have the following results:
Theorem 2. We have
4 , α 4 , α
Proof. In §3.4 we have obtained the natural surjective homomorphism
and we showed in §5.6 that it induces the homomorphism
We have
Similarly, since
, we may get the assertions. Proof. Since 
6 ]β (1 − t 2 )(1 − t 4 ) = H(M(25)), and we get the assertions.
Integrality of the basis
We easily see that the basis {b j } taken in §3 is rational, namely, for each j
In this section, we would prove that those are integral, namely, for each j
Indeed, when N = 1, the assertion follows from E 4 , E 6 , ∆ ∈ Z[[q]]. Once we may take such an integral basis {b j }, we easily obtain that
for each k > 0 and N ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 18, 25}, where d = dim M k (N ). We note that the integrality of γ 16 can be proved also from
4 + 4α (σ 1 (n) + ρ 5 (n)σ 1 (n))q n − 
